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Summary

A novel and generic theory is formulated to characterize the structure of simultaneous equations.
Based on the theory, an algorithm is developed to discover the structure of simultaneous equations
governing an objective process through experiments, and the algorithm is implemented to the “Simul-
taneous Structure Finder (SSF)” program. SSF combined with another system SDS which discovers
a quantitative formula of a complete equation derives a quantitative model of simultaneous equations
reflecting scientfic laws underlying the objective process. The power of the proposed approach comes
from the use of “minimal complete subsets” contained in any simultaneous equation set. They can
be identified through controlled experiments on the objective process. This novel definition nicely
characterizes the structure of simultaneous equations, and provides a measure to efficiently prune un-
necessary search to identify simulaneous structure of an equation set. In this paper, the theoretical
foundations of the structure identification and the algorithm of SSF are presented, and its efficiency
and practicality are demonstrated and discussed with large scale working examples. Since the conven-
tional equation discovery systems could not find such simultaneous equations in an efficient manner,
this work is expected to provide a new research field on the scientific equation discovery.
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(S1) Let Q = {qrlk = 1,..., N} be a set of quantities
that appear in the model of an objective process. Set
X = {zr|er = qr, for all directly controllable qi €
Q}s cQ = ¢, DQ = ¢, N = ¢, M = ¢,
h=1andi=1.

(82) Choose C; C DQj; € DQ for some DQ; and also
C: C X, and take their union Cp; = ...UC;U...UC,,
while maintaining |C;| < ém; and |Cp;| = h. Con-
trol all z, € Cpiy k= 1,...,|Chi| in experiment. Let
a set of all quantities whose values are determined
in the experiment be Dp;(C Q — Ch;).

(S3) Set CQni = Chi+ Dhi,

DQri = CQnri —Uveq,,,1cQucoqy; CQunrits
CQuIyeCQ
énni = [Dnil =Y, Vong €N onprir,
where CQp1 ;1 CCQp;
and CQp, ;1 €ECQ
and lsm]”’ = |DQ]“| - (sn}”‘.
If 6np; > 0, then add CQpn; to the list CQ, DQp;
to the list DQ, énp; to the list N, émy,; to the list
M and X = X — DQp;-

(S4) If all quantities are determined, i.e., Dp; =
Q—Chi, then go to (S85), else if any more Cp,; where
|Chi| = h does not exist, h=h+1,i =1 and go to
(S2), else i =i+ 1 and go to (S2).

(§5) DE = {DE;|NCQ; € CQ, DE; is a set of én;
equations tn which only all quantities in CQ;
appear.}. The contents of the lists DE, DQ, N and
M represent the independent components of equa-
tions, those of quantities, their orders and their d-
gree of freedom respectively.

02 00000000000000

(S2-1) Let Ry; = Q —Cp; and p=1.

(82-2) For every zy € C;, its value is set to a randam
value Vy(xr) respectively.

(S$2-8) Forgq=1ton {

Try to exogenously control every x, € Rp;
to a randam value Vey,,(z,) repectively,
and let the actually observed value of x, be
Vopg(xr).}

(S2-4) For every pair of xs, x+ € Rp; calcu-
late the correlation coefficeint ro,c.(Ts, ) from
Vope(zs), Vepg(zy),q = 1,...,n. Let Dp;p(C Rp;)
be a set of xy mot showing significant correla-
tions with any xz¢, and calculate the mean value
Vop(zs) = %22:1 Vopqe(zs) for such zs. Let
p=p+1. If p <, then go to (52-2)0

(52-5) Let D}, = N1 Dhip where the quantities have
been judged not to show any significant correlation
over the m tests. Cualculate the correlation coeffi-
ceint 7‘(:1:5,'1119) between Vop(azs) of s € D;!i and
Vp(xr) of wx € Chsi over p = 1,...,m. Let a set
of ©s showing significant correlation with any xyp be
Dh,»

03 0000000000000
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(S1) Let DE, DQ and N be the lists obtained
in the algorithm of Fig.2. Set DQ' = ¢.

(S2) Fori=1to |DE|{

For j =1 to |DE| where j # 1 {
If DE; D DE; where DE;, DE; € DE {
DQli = DQli - NQj,
where NQ; is arbitrary, and
NQ; C DQ; € DQ and |[NQj| = Nj.
Add DQ'; to the list DQ'.}}}
(S3) DQ = DQ' and DQ' = ¢.
For t=1to |DE| {
For j =110 N; {
DQ';; = DQ:i — DQyj,
where DQ;; is arbitrary, but
vDQ', € DQ', DQ;; # DQ; — DQ',,
DQ;; C DQ; € DQ and |DQ;;| = N; — 1.
Add DQ',; to the list DQ'.}}

(S4) Every DQ;; € DQ' shows the list of quanti-
ties contained in a transformed equation. DE' =
{DE,|¥DQ', € DQ', DE}, is an equation in which
only all quantities in DQ’', appear.}. DE' repre-
sents the simultaneous equation where the number
of quantities is minimized in each equation.
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m: number of equation, n: number of quantities,
av: average number of quantities/equation, Ts.s:
CPU time (sec) to derive structural canonical form,
Tmin: CPU time to derive minimum quantities for-
m, Ty CPU time to derive all equations by SDS,
Ta»: average CPU time per equation by SDS, NL:
limitation of % noise level of SDS.
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