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Summary

We have developed a learning system, AUXIL, which has an ability to solve auxiliary-line
problems in geometry in an intelligent way.

First, we show that a basic mechanism for producing auxiliary-lines is to associate a certain
condition or subgoal in the problem with an appropriate figure-pattern and that AUXIL can pro-
duce a right auxiliary-line by making use of associative knowledge, which we call figure-pattern
strategies.

Secondly, we proposed a new method, frustration-based learning, which can learn associ-
ative knowledge from experiences of solving a variety of auxiliary-line problems. AUXIL simu-
lates the following expert behavior. When an expert tries to solve such a problem, he feels frus-
tration because enough information is not given in a problem space for him to proceed an inference
and to find a correct path from given conditions to the goal. Here, he concentrates himself on the
conditions or subgoals which have caused frustration. After he has produced an auxiliary-line
and made a complete proof-tree, he would learn several pieces of associative knowledge. Each
frustration-causing condition or subgoal will constitute the if-part of each knowledge. He will
then recognize several lumps of figure-patterns in the proof-tree, each of which has contributed
to resolving each frustration. All pieces of geometrical information of each figure-pattern will
constitute the then-part of each knowledge.

A figure-pattern strategy has two characteristics as an associative knowledge. One is that
its application to problems does not necessarily contribute to successful paths of the problems
because it is a mere successful instance in the past experiences. The other is that it can enjoy
flexible application to problems under no constraint of their goal-structures because its if-part
can be unified, if unifiable, to any partial element of the problems. The second characteristic
enables AUXIL to produce an appropriate auxiliary-line by a multiple use of figure-pattern
strategies in response to several frustrations occurring in a problem, which is sufficient for
making up for the first undesirable characteristic.
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Problem 1 Problem 3
! AB=DE
E BC=CD A BDC colinear
B CD colinear N ZBAD=/CAD
A E A C colinear
> /\ e
% > AB:AC=
D ¢y S opacs= B ¢ BD:CD
’ ZLCED
Problem 2
BP=CP
AB=CD
R AQ=QD
B AR colinear
A A Q P QR colinear
XA D B P C colinear
“\ A QDC colinear
B P-i fc 'D
AQ=AR

Fig. 1 Typical auxiliary-line problems.
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Figure-pattern
Strategy

X Auxiliary-fine
Generated

Problem 2

Fig.2 Basic mechanism for generation of auxiliary - lines.
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Strategy 1 l

IF "-subgoal(equal(ratxo(segEX \Y), seg(Y ?)) P)).

THEN ?-make_pattern(s1,(X,Y,Z,W,V]
where
W make_pattern(s1,[X,Y,Z,W,V]):-
pomt(X) point(Y), pomt(Z) point(W),
point(V).line([X,Y,Z]),line([X, W, V1),

parallel(line( Y ,W),line(Z,V)),line([Y,W]),
V  line([Z,V]) —

($similar( tn(X Y, W),tri(X,Z,V)),

Sequal(ang(X,Y,W),ang(X, Z,V)

$equal(ang(X,W,Y),ang(X, V,Z)

$equal(ratio(seg(X,Y),seg(X,Z ,ratxo seg| X,W ,seg X ) ,
$equal(ratio(seg(X,Y),seg(X,Z ra.txo seg Y,W seg
$equal(ratio(seg Y )seg(Z )ratlo seg(X, seg( Y %
$equal(ratio(seg(X,Y),seg(Y,Z)) ratio(seg( X,W),seg(W,V
Stmtegy 2

y IF 7-subgoal(equal(ratio(seg(X, Y),seg(Y Z)),P)),

THEN  ?-make_pattern(s2,(X,Y,Z,W,V]).

where

make_pattern(s2,[X,Y,Z,W,V]):-
(point(X),point(Y), pomt( ),point(W),point(V),
line([X,Y,Z]),line([W,Y,V]),line([X,V]),
line([W, Z]),para]]el(lme(x V),line(W,Z)) —

Z  (3similar(tri(X,Y,V),tri(Z,Y,W)),
$equal(ang(X,Y V),a.ng(Z Y W),
$equal(ang(X,V,Y),ang(Z,W,Y)),
$equal(a.ng(V,X,Y),§mg(W,Z,Y)),

$equal(rat§o(seg(X,Y),seg(Y,Z)),rat{o(seg(V,Y),seg(Y, N
$equa](rat§o(seg(X,Y),seg(Y,Z)),ratu?(seg(X,V),seg(W 2))),
$equal(ratio(seg(V,Y),seg(Y,W)),ratio(seg(X,V),seg(W,Z)))).

Strategy 3

IF ?-condition(equal(seg(X,Y),seg(Y,Z))).

THEN  ?-make_pattern(s3,[{X,Y,Z,W,V

where

Y w make pattern(s3,[X,Y,Z,W,V]):-
(point(X),point(Y),point(Z),point(W),point(V),
line([X, ¥,2]) line({X, W, V]) line([¥, W),
line([2.V]),equal(seg(X,Y) seg(Y, Z)),
Z V  equal(seg(X,W),seg(W,V))

($similar(tri(X,Y,W),tri(X,Z,V)),
$equal(ang(X,Y,W),ang(X,Z,V)),
$equal(ang(X,W,Y),ang(X,V,Z)),
$parallel(line(Y,W),line(Z, V))
$equal(ratio(seg(Y,W),seg(Z,V)),ratio(1,2)) ).

Strategy 4

X v IF
THEN

where
v make_pattern(s4,[X,Y,Z,W,V]):-
(proint(X),poinlE(Y),point(Z),point(W),point(V),
line([X, Y, Z]) line([W, Y, VI),line([X, V),
line([W,Z]),equal(seg(X,Y),seg(Y,Z)),
cqual(seg(W,Y),seg(Y,V)) ) —
($congruent(tri(X,Y,V),tri(Z,Y,W)),
$equal(ang(X,Y,V),ang(Z,Y,W)),
$equal(ang(X,V,Y),ang(Z,W,Y)),
$equal(ang(V,X,Y),ang(W,Z,Y)),
$equal(seg(X,V),seg(Z,W)),
$parallel(line(X, V) line(W,2))).

?-condition(equal(seg(X,Y),seg(Y,Z))).
?-make_pattern(s4,(X,Y,Z,W,V]).

w Z

Fig.3(a) An example of figure-pattern strategies.
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Fig. 3(b) Successful auxiliary-lines produced by figure-
pattern strategies.
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. equal #8ZE, parallelgfhiZ, congruent yizE, simi-
lar REETEHT 5.
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HTA Ry vy — b E&htzRED assertion E£&
LLTHRERATS. —FH, KE vy — vERE

IF : ?—condition (LM % &K 3 185E)

or/and : ?—subgoal (% 73— V2 E 4 RE

THEN : ?—make_pattern (K/v9 — v &, B
B BaHEDY R M)
where

make_pattern ({fs/v 9% — &, 5T 35D
Z b)) - (R RESRE)—
CEiAMsTIRAsE-IE DN

&ﬁﬁ?‘ 3. MERESRH (if-part) & &, KF-~

—VvOUEE-BIKRET H2EHBTHS. Lich-
T, make_pattern zE i3 & A/ 7 — v 2 EE G
51 H0BHNLBFHEERT v /oA L -5 LS
¢35, #L7, if—part & then—part 25bH€ 2
Bz, TORE s —vHF>IXTOHEERL
TWw3 (25 — v EHREFES). fIXE, Fig. 2
ORI/~ 5 — R IE—F & L Tid Fig. 3(a) O &
AT 15 % (Strategy 4).

AUXIL cREEDoRERE (FIAE, BE2 O

BP=PC) & IF #hs= » ?T%‘ﬁﬁ” — VERER &%
R L, THEN # ® make_pattern iREZEE T 5

LIk D HEOEREERT S 17,
REOREMKI L& &, £ if-part ORFET
new 283 b0 HF L VWAL BUHROMNBEEZRET

make_pattern
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5% & L, then—part ORET new 2 5L b D
DFBRAE R ORI IR O Lo FEME R T.
—MRIX ¥y — VERBR DB 2 s € A QKA
HIEEBEAEL, ZORABRIEBFHMICTILT 5.
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SMEmhreEEE % Fig. 3(b) o7, MELD
BICR LT, ARSI NB 3T XToORBR/ Y
y—voREEET. F055, AR SRERISE
ZEMESHBB S — v OB EKITRL L.

2T, —ofEA»H S, AblLRERNEEE
CEURBICBOTAEAA # =X oz & 0 EHbIE % 4k
T5E, AShAAenERoOERICT S, B
MR OBEHOL (ME2 0BG 4/42. ThzxH
EL LS IR/ S BT EDH D, AR
3, Ky —voffuhicldesea—) 2747
AL COMEERMRLTOR I ENTEIH, 45
TZDRICERT 5.

&I, X/ vy — v EBEROREELRNS. BIEOD
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T 2D BER & \AERICERSITA L. ol
Bz, BEHMEORSE (Fig. 3 (a) O% 3, 4 D¥E&IZ,
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o, Q752 bL—vaVvEIETo LR, O
BER7owz, QAFETo vz, @¥P 7ot h
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He 3.
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3:1 735RbL—YavEETDER

AUXIL i 3ABHE L L CHISHMAFEORAEE
DH(RDERPHOHEREORBARRIEE RS
W) EB5ZX 5%, Lal, ¥vry7hdb3DuREs
BImsOiRY, BEATEEEEMG G LG T —VicEH
TEULBAEM (HHREILNE) PEAE. Thx
75AbL—va VERLERY, ZhoxREETEO
NIDO7owz2DEHTH 3.

AUXIL iFgij[ & - & & Himo 2 EROHERA &
2HOoDT, Th¥hicw+s752bLr—v 3 vE
F(7592PLv—vavEHKLrIsAbrL—va vy
Ta—) 2L TICERT 5.

(FHE1) (752bL—va v&MH): 5&EBL
R 2RI 0B ONKLEREDS B, ¥IEH
el D BEATEE A X @M TERORREN (B
REHR 752 —va YEEFIIKSKW) 27 5
ZbhL—va vRE(FEHE) 0. (EEHED)

F&MER, £EM» ST 3EHAORER, — F
2T B D752 L —vavid, [EDLD
KEOEHEEAFAT I VO SFIKEG ] T &I
g 3.

TSR ML —va vt T T VEERT BICITHEH
PYETH 5,

(B&E2) (HEH7T—0 - LHEES 7T —):
HET—N (BT T—N) ICEARERERREZICHEB
LTEohs4 77— Vg 2BRICKEITE 5, 5%
HEREET B OLOEHEY 77—, DL
b—DEHEEUCLOELREEY 7T — 1LV,
(E&EHD)

AHEEY 7T —VIRETZOE, ~y FEICEAN
BOWEKERF  BlcE - L5 B REATHA KN X
BHLILEZTHS.

Goal to be proved

{aB=pE] [BC=CD| [BCD wolinar | [EAC cofinear

Given Conditions

?1 means a point on the tine, AB, or the line extending AB through 8B,
?2 means a point on the line, AC, or the line extending AC through C,
?3 means a point on the line, ED, or the line extending ED through O,
?4 means a point on the line, EC, or the line extending EC through C.

Frustration conditions, subgoals

Fig. 4 A frustration tree (in case of Problem1 in Fig. 1).
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Goal to be proved

..............

........... oo, 3 LAQR=? ABR®B = /210Q79
{ZARQ=ZAQR!

AQ=? AAQWB = AARZ )
TAR AR=? AAQ?3 = ARA?

ZARQ=? ABR®B = AQTI0
......... \ ABRB «» APBQ?10
ABR®B » 21000

)

Given Conditions

7 means a point on the line, RA,
76 wmeans a point on the line, RQ,
?7 weans a point on the line, QP,
?8 means a point on the line, QC,
?9 means a point on the line, QA,
210 means a point on the line, OR,

Frustration condi

or the line extending RA through A,
or the iine extending RQ through Q,
or the line extending QP through P,
or the line extending QC through C,
or the line extending QA through A,
or the line extending QR through R.

tions, subgoals

Fig.5 A frustration tree(in case of Problem2 in Fig. 1).

E (D [/BAC=/CED
A ) (3)
B ({CED=/CnewB) @CnewB=L\BA(j

ED=Bnew) |[AB=DE]

!: Given Condition
CD Proved .Information

Auxiliary-line

Fig .6 A proof tree(in

(B#E3) (—HHEEY 7IT—N) 54 73—
NOFTIR— D and—iEF|OH 7T — A FEEL, #
NODBTXRTAEEY 7T -V THIRREBEL &
5. FHEEY 7T —nicid, 5&4S L IIMEEH
K2 =7 7 A AJRER D E AAREN bDMH B, L F
RELALY TS b#oha=v 180
R BROOY T I VHEEY 73—V 8 5]k
UNdH2d. ChE—BHNEEY 7 T—1E0 D,
(EEKD)

(B#%4) (ErvXxwvyT7T—): —Blc—DD
Y7 TN IEROEESERAEET, LicdaT

3712 AN T 50

g

s or A Goal

Information

case of Problem1 in Fig. 1).

B oy 7TV EET S, ThoEHELIEL
NH T T— eV, (EE¥KD)
CCTRAZHER/ICAEL TROREREILT 3.
UREE 1> kbl x#tRIE, BESY 7 T—AHh ST
DHEPEMITHREITENEEDET B, REES 73—
WMICER LREWERIE, Hicdkshs Ty 7o —
ViEEDEL OREEN % bonlfett b v, EEY
KH 7T — L E L THEELB VLI EATFHENE LS
Th5. (REr# D)

CORBICE D AREES TT—11E, T—1HID»S
MU BEHAROELR, — FAEERT 2 &3,

AE 7 4 ak Vol. 4 No. 3

NI | -El ectronic Library Service



Japanese Society for Artificial Intelligence

g

ne w ARQ=£2AQR

(¢ARQ=,BAnew ) (. BnewA=2AQR) (Z BAnew=/BrewA )

[BAR oliewr] (RQ /Anew) (AQ/Bow) (AB=Bnew)

/ LPBmw‘ (PCD
an—CD

.................

PQR oollrmr] (apP //Amw)

...........................

l:l Given Conditions or A Goal
@ Proved Information

! Auxiliary-line Information

Fig.7 A proof tree(in case of Problem2 in Fig. 1).

(EHY) (753AMLV—vavHTIT—): i
EYTT—DIE, UTOZo0EH%E@IcT O
2752 —YavHTT—n(Fy7a—-01) &
EETE. ORIV TT— i, BES 7T—1
b—BNHEY 7T —LVbEFEELLEV LD, @Z1H
B —BHEEY 7T — LItV D, (7E
&£# D)

BILAXNVICHEY 7T — VA2 > K5 B AHBEY 7
T—id, RELICLOHBEY 7T — VDO T~ HezmH
BRshszoTc, Fyr7a—-nrE3EILOV, K
L, AUXIL iz, Zh 5 OLRHEEY 7T — &, 53
MRt L= >4 LT—BNEEY 73— 1icis

AR OAEES T T—N%, FH¥ 73— ERELT
BT e H T 5.

AUXIL 3 Fig. 1 o L U 2 2 BETH
sk FEER%E Fig. 4, Fig. 5 iR (2 0#aH
HFARE7 72 bL—v a3 v RKEESR) FiHxo0
/—FRFEZRELRT. £/, /—FoHicEn,rnik
AHEES 7T —VET75A L —Ya VIEETH 5.

3:2 #HEBHBMOEN
AUXIL i3, M9 — VB8 AR L CHiBER
AHERT B, £0id, BHTZAIXE/ Y — VEBR

* AUXIL BREOBESICEREZ TS THHOFHBIR
BT AHBEEEELTWS T Lk L, EBEERT
ot Zid, EEBTEREBETLLOOL AT v 7ICT
XEOVWOT, ESSOLETHUREERL TH¥YE 7o
tzubuélkn7—/ﬁ%®m&hui§%& RN

. KRN TRBURICE->THIBEEER T 6DET 5.
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AR VEAR L —F I Z DR X HOETRAE ST 5.
BBEODLGE, WBRONME % X T85O assertion %
I —HF—DmoBEZTH5D.

3-3 ZFEHTOE X
BEAEHEZHRE L THURE2BIMHADEKREA A
3. TOBBETHLICFRENSEA LGS, #R
A7 ot 2ICR-> CTHBIRESIEET (gL
2—F—DHRIKIVDERINIBERICRIIDOLIN
HEREISHWV). BEL 2 DIE L WIFHA D —F)
% Fig. 6, Fig. 7T iz 7.

3:-4 ¥BFTo&

Zo7avRics 0T, AUXIL B ROdH» 5
EHBEOKN ¥y — IR EHME T 5. LIFOM->OD
770X, Q75Abr—ya YRy 770
2, @752 +FL—va YBEYTToeR, O
FEANREHRZY 77022, Oy — v —fity
T7ToeRERT, KOEOHNYEME T NE IR
EEN 5.

(1) 73RbL=vavAREHYTToER

CO7uvRATIE, FARLEHAZHELFRKod
TALBHICEB L E a2 U)o i3 &3, s
FEZZEFETS. 201Dy R 7 OFEM L XHEL (17)
KELL, ThickhBohd2RERFRBME REFESS,
88 2 ORRIF A% Fig. 8 1o/R 9 (5 ARQ= AQR
hoFoH 73— VENHEREHh, KbhiczhoF
G T T NERBH B EF Y T B EIICHE
) BE1oFA(Fig.d) dco7oerick 3%
{LEZ T,

(2) 75RbL—2a3vBREYTTOEZR

iy 7 7o X CRIEE N FELY, BBOoA
Rick ~TuhicEEsnIchE2FAN, ERAD» S
oy —vAaAMBT A 70 R THS. TDIDIT,
AUXIL i3, BRIFAKoFhoZFERTECLUTO
DD RTET.

(1) FEXRZ2BHETIOICHEREMRL A EAXCH
%, MEAGOEHTI v Ry vvz—bEncE
gt 5. FREZMHETIOICHBKL oEH
Lid, TORBERF A MLEUCERTHY, F
H 7T VERETADICEBLI-TERER, #
DHTT—NE~Ny FHETEEETH S

2 )THEShLEHCAEA TV 2HEEIERE
Hith¥ 2% (2 h o oBRERTEKS h 5 X/
y—vERDHT I LITHYT ).

—fjE LT, RE20F&#H4 BP=PC icxf L Tlt
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Goal to be proved

AQ=? AAQZ3 = AAR?
AR=? AAQ?3 = ARAZ

)

......................

PQR oolinear
AQDC col inear

Given Conditions

Vhere,

means a point on the
means a point on the
means a point on the
78 means a point on the
2?9 means a point on the
2?10 means a point on the line, QR, or the line extending GR through R.

line, RA,
line, RQ,
line, QP,
line, QC,
line, QA,

or
or
or
or
or

the line extending RA through A,
the line extending RQ through Q,
the line extending QP through P,
the line extending UC through C,
the line extending QA through A,

Frustration conditions, subgoals

Fig.8 A revised frustration tree(in case of Problem?2 in Fig. 1).

Extracted Theorem

[ 4BPrev =4CPD |

T
[BP=PC| [/BPnev=/CPD | DP=Pna/

Extracted Construction Information
(Recognition of A Figure-Pattern)

point(b),point(p),
point(c),point(d),

; P
point(new), line([b,p,c]), : < c
line([d,p,new]), AN
line([b,new]), line([c,d]) S onew .- '

Fig. 9 Resolution subprocess.
(in learning, motivated by a frustration condition,
BP = PC, of Problem?2)

HENEEBLUZhICEZT N2 BRIEHR%E Fig. 9
IKRd., KB, BEIshimOFEZRICEL TR LT
b,
FEDZo0 s 27 AR FEFRIBEALTITS> 2 &
o, AUXILiZ75 2L —va YORBOHE
TR ZADBEIN RN E BIER 3.

(3) EHEAREERITOER
Zo%77o+w2T, AUXIL i3, 3-4#i( 2 )Tt
L7082 N T OEH R 2 H#ERIC L O INET
3, BE7 ot A THEHLAIEROSE#->T(ZD
Kotz ) #iR%2iTH 729, [[BE] #iH & FF3s.
Fig. 9 o M chREHHR 21T S &, Bnew=CD, £ B-
newP= ff CDP, ff newBP= § DCP, Bnew//CD
VS EERAE SN S (Fig. 10 (a)). =% BPD==
72 CPnew, BD=Cnew #i &'i2, BD —&#, Cnew

3174 AN TH R

Extracted Theorem

— ‘ Bnew/ 0] [znewBP=bCP| -
!:‘;BPnew ?'(}@ ! / 1 Znevh PAL_I?Y,C‘?.
e | [ZBn’euP ,c0P ]\ [Bnew=CD |
Bp= P(l [op=prew | {AEEHEC"aCPD

| £BPnew=,CPD |
Candidate Figure-pattern

BP=P |
D :
7\ i 11 !
/ \. X
B P/ \3C l:> Refined
: ST B f
N (—
N N\
vnew pattern
information
(a)

Extracted Theorem :;HLZ_ BA@= LBWAJ k

{AB 3=Bnew | [ =
[An=co] [@§> ‘

Candidate Figure-pattern

/ \
% Pattern

information:,

[aB=cD | | CD=BrmJ E

Refined !!

(b)

Fig. 10 Limited forward-reasoning subprocess.

(in learning, motivated by a frustration condition,
(a) BP=PC, of Problem2, (b) AB=CD, of Problem2).

BREVOIOBRERVEELZVWEDE SNV,

KPR EHE R A 7 0 £ 2 L @HIcRIT 5T &
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NI [ikee seay]
SR R U7 2 e S

[;LXV\/:"{ZELY:]\ [XV,:éQ,} A New Strategy

T\ (RBUEN ¥ — AR
[ axvv—azw |
| s \\\\
frustration — vy ;
vondition LXYEVZ] | [wew b i mpemy o
lXVV=a2W |
U I
/\
N New Strate e
ev rategy ,__71_,.__/_ Co .
7 BB RERES
e :

Fig. 11 Figure- pattern generalization subprocess.

(in learning, motivated by a frustration condition,

BP= PC, of Problem?2).
BITETHBELERZI B0 LIV,
RBRE->OHEERERE ZH-.

(1) SRIREDOIAEARDRILICIZEB L 15 - 7o
ZEHTC, S hKE sy -2 5509
ZIEHMERBT L L. BEUS, HMLIEL-
tAEH (F 212 newBP= £ DCP) &, $$%kcC
DX/ x5 —  EEESERIN L LS ICIFALR
EHTHs bl hsTH S, [AUXIL
BIELWEEHD v — 7 Y 2 2T 20 TR
<, EHOXRFLBBHE /Y — v 2LWT 5 ]
LWV, RAOFFEOHMICHBS LADETE
AN, COREIHATH .

2 CopiEEfERIcBVYT [Ek] ShaOEK
EMEHBRT A &ickn, MHLARE Yy —
vEHEET AL [EhaEns] i, £#nH
BN OHBICLBEHRD ) —Fitlh->T0 5
», FRGEHAGT DI E b —D D HIEHR
AR T AR TH 2 h ok EES. Fig. 10
(a) oflTid, ME/¥y — v BBEEZTTWE
W, Fig. 10 (b) o f| (& 2 o AB=CD & v
5 P& T 2XERNREH:R) TR, »40
% OMBIEHARO RPN TV,

B) BontMz/ vy —vE LT B DHLE
BT E, ThiBLTIE3-48HI(4)THY
15,

AUXIL i3, 7ot 2 L NEANRERR 7o &
2c& T, EFEFRICHL THtt s/ v —
YOy — ERESS.

(4) BE/NY—v—f{tTotR

2 s — AEBRERT vy — VBB E L THREK
OREICOBEMATE 2L Ic—M ke 5 Fikid, 8
KESCFE P b0 THHAE —BRILS 2 HEE
LT, REHRT o€ 2DIEBICHERLEEDD

)Ryl = I 3
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Strategy A

Same as Strategy 4 in Fig.3(a)

Strategy B

IF ?-condition(equal(seg(X,Y),seg(Z,W))}
make_pattern(p.b,[X,Y,Z,W,V]).

X Z THEN 7- Bb,[X,
where
make_pattern(p.b,[X,Y,Z,W,V]):-

Y (point(X),point(Y),point(Z),point(W),
point(V),equal(seg(X,Y),seg(Z,W)),

W cqual(seg(X, ) seg( W,V)),line([X,¥]),
line([Z, W]),line([W,V]),line([Z,V]) ) —
($equal(seg(Z,W),seg(V,W)),
$equa.l(a.ng(W,Z,V),ang(W,V,Z)))-

Strategy C_J
X vy IF ?subgoal(equal(ang(V,X,Y),P)).
O THEN  ?-make_pattern(p-a, [X Y,Z,W,V)).
where
v make_pattern(p_a,(X,Y,Z,W,V]):-

(point(X),point(Y),point(Z),point(W),
point(V),congruent(tri(X,Y,V),tri(Z,Y,W)),
line([X,Y Z]) line([W,Y,V]),
W 7 line( [x V] line((W,Z]) ) —
($equal(seg(X,Y),seg(Y,Z2)),$equal(seg(W,Y),seg(Y,V)),
$equal(seg(X,V), seg(Z,W)) parallel(].me(x V),line(W,Z)),
$equal(ang(X,Y,V W),
$equal(ang(X,V,Y
$equal(ang(V,X,Y

Strategy D

IF T-subgoal(equal(ang(X,Y,Z),P)).
Y THEN  7-make_pattern(p_d,[X,Y,Z]).
where
ma.ke_pattem(pAd,[X,Y,Z]):-
(point(X),point(Y),point(Z),
equal(seg(X,Y),seg(X,Z)),
, line([X, Y]) lne([X, 2] line([Y, ) —
Z equal(ang(X,Y,Z),ang(X,Z,Y)).

).ang(Z,Y,
)ang(Z,W,Y)),
)ang(W,2,Y)) ).

Fig. 12 Acquired figure - pattern strategies from Problem1.

EHOEFGRAZRARGE LS TEUKROE, — F (B
fFFHIER) 2288 bd s k2B 5.
Fig. 10 (a) o2 X v — v 1F@mE —mibL TH S
ha K% Fig. 11 I2/;-9.

(5) BEf/9— v EBEEORK

Mz vy — B DR D4 % Fig. 11 2R 9.
ZORF sy — v EME T 2EBICE - FEREE
o IF #E4+2. z L ¢ THEN 2 (make_pattern
WEOER) 32X~y — v HEHRICX VKT 5.
make_pattern §iD K 7 4 o if—part 13, K-~
= v EFAE LR REME T o 2 T Lo E
RKEBDOEF 4 HOFERL» OHLT 5. % 7z, then—
part F2KF/¥ 7 — Y AEROE D OIFH A ST
5. MERRORBRODTTHEBEED L FERNVER
DB ERELEITVEDT, JOFREE75 A
L—va VICESSERELIES, CoFEFEEER, A
RO AR VBRI E FOREEZD L ZDR &
—HICK BT ALV OERERRT 26D TH 5.
AUXIL T, SEBRICEUHLRIREE LT
AHEEE WO BHEEZ TW3, S X LHPE
ML S 2 E LEHEBBFERINEIENE 25D,
ZDOBEICHIROFRABEEEZ 1 F oL T L.

275 A N r—y g icEoEH 3175
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Strategy A

Same as Strategy 4 in Fig.3(a)
but different in make_pattern procedure

Strategy B

Same as Strategy B in Fig.8

Strategy E

Same as Strategy 3 in Fig.3(a)

Strategy F

IF ?-subgoal(equal(ang(X,Y,Z),P)).
THEN  ?-make_pattern(p 1,[X,Y,Z,W,V]).
where

make_pattern(p £,[X,Y,Z,W,V]):-
(point(X),point(Y),point(Z),point(W),
point(V),parallel(line(X,V),line(Y,2)),
(W, X,V])line( (X, V], ine([¥,7)) ) —
$equal(ang(X,Y,Z),ang(W,X,V)).

Strategy G
IF ?-subgoal(equal(ang(X,Y,Z),P)).

X THEN ?-make_pattern(p_g,(X,Y,2,W,V,U}).
where
make_pattern(p_g,[X,Y,Z,W,V,U]):-

(point(X),point§Y),point(Z),poim(W),
point(V),point(U),
para.]lelElineEX,Yf,lineél‘;V,Vg),
parallel(line(Z,Y),line(U,V)) line([X,Y]),
Line([Y, 1), line([W, V1), ine(U,V])) —
Sequal(ang(X,Y,Z),ang(W,V,U)).

Strategy H

X IF ?-condition(equal(seg(X,Y),seg(Z,W))).

/ 7 EHEN ?—ma.ke(_patteﬁn(i(,h,[X),Y,%(,W,V),)L)I,S] .

Y make_pattern(p_h,[X,Y,Z,W,V,U,S]):-

U (point(X),point(Y),point(Z ), point(W),

v point(V),point(U),point(8),
equa.l(s?g(X,Y),seg(Z,W)),

equal(ratio(seg(X,Y),seg(V,U)),ratio(1,K)),

) equal(ratio(seg(Z,W),seg(V,S)),ratio(1,K)),

line((X, Y),line([Z, W]),line([U, VI, line([V.S]). ine([U5]) )

— ($equal(seg(V,U),seg(V,S)),

$equal(ang(V,U,S),ang(V,S,U))).

Fig. 13 Acquired figure - pattern strategies from Problem2.

AUXIL %8 L 1K/ 5 — v & O F & 5
. BE1: 2% Fig. 6 8LV TDLS IS
&, AUXIL gz hzh Fig. 12 o#8s A, B, C, D
LU Fig. 1308 A, B,E,F,G2¥84+ 5. I
B2 % Fig. 3(b) ® (4) o®EICL VIRV IBES
i3, Fig. 130#EE E, F, H 2%¥8 4 3.

BB Bid F & AB=CD (& 2) icxt L TH¥E &
nrboThs. MENREHR o RIcBT 5K
FEomkiEick > T, BIEBR=AFZWV icxd 32
XY oMt EE R T 215H (&2 Tk A, D,
Clr—EREH-1) 2BEbIhTVE. LEM-T,
HEEBARMBRERBICERLTL (2EDOHHE),
make_pattern yRzE D B2 R 5E 5% 4 38 D 5 8] o #11 K
HAFEV D, FHLVADMNEEZ —BICHRETELL,
D& IR EHBRIEEE EIFSRC LT 3. 20
XL, WBROMNBE -—BICRETE LT OME
P % D MR K & FEAR I EEES & IR 3. THARIEKES O 1% E]
KOVWTRKRETHHRT 5. B A, C, E 3E&EN
K TH 0, B IIHBHEIKTH 5.

BRESH 3¥BE BIc Bl L T Wb, AR SolHEZHK

376 N T 5 sE & 2 sk

Strategy D

LEARNING
| e———

Problem 1

Problem 2 \\\&‘F

UNDERSTANDING

Fig. 14 A meaning of frustration-besed learning.

HBLT, Ko—HusEE (6L XY=WZ WS F
KUEMSEET L, XY EWZAE U XS kT~ iId
L TEBONETE VU & VS h ok - EU=HAF%
HEE L | 2B TREINE. COXDUEHE
OB T v &7 DFFITH VT Shavlik 1
SOWMELMD HH, AUXIL 37 oBfigidfFEi-kxu
BHIZ, 752 —va VICESCERICE->TH
HAEBRRTAIEDERAVIIODVWTHRT 5. Fig. 14
CRoN3 &5, AUXIL (ZR98 1 5 5P9-> D BEEK, i
E2HhoHo>OEBA¥E T 5. Chid, [AUXIL
B752 L —va itEILEHETHOTAETEBL
T, M1 2o oM (Z#go THEN oK)
DERALEELTEBL, ME2E2HAONFEOE
RELEELTEBLTVE | TEE2EKT S, Ch
SOEBED S BT, ZoDOEBAmBEEICKEL TV
BT EICAEBRELLS. Hmd 2HEE (L7chs - Tl
TEXRE) b 5505 I 7 AR S CEUNE 2 &
L2D0THAS. ChRFRCELTRELXERT S
CEDEMIAFELLDTHS. Lich-T, 752
PL—va vicESC¥ERE, #EEMANETH XK
Wy — VA FETEHETHEDAEST, RE
ERBEICEET S L0 ABogEHO—%E L5 A
7o [HEOBME] LbAHBES.

4. BB 2574 AUXIL

ZoETIR, K-ty — v EEgEES L 72 AUXIL
D, Z0¥BAEEN, L CHLBEEICE W THICHE
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Auxiliary-lines Generated

Used Strategles
A ABE

O )\ Used Strat(;éies
EE

"§< Used Strategies
A C

Fig. 15 Multiple use of strategies.

B EEKRT 2H 2 /RT. [RIE 1 2 RRE» THE
A,B,C,DEmrELTEY, hothoRIEDL S ¥R
E2¥BEATHHRETHE2 28] LV HRKR
2HEET 5.

AUXIL 12, &M 7 o+ 2T Fig. 5 IR
FTFREART 2. RICHEEE 28 L THIBIER % 4K
75 HEHOBBOBRHCELTIUTOE2-Y 2
F 40 AR{EHT 3,

(Ea—YRFAIR] TEBLEIELDTIFR}
L—Va VDBSBBEIN LS LB E5Z 3880
Xz vy — HRBE % B & K.

Dbta—) 25422, UFOFHEEZE-T
EHTE 3,

(1) £9, 22825 FERCHLTHEALT

ROMUHREERT 2 (2EDOHHE).

2 THLHFLOBERE ORI <5 —
VERWEGTILENTET, roio—oDFE
ENBEENEZLEIDLERANSE, TOFVEE
HRBREEHEFES:. &L, 727 28RN,
mwFﬁiuouf%ﬁ% V2B DRYT. FhE

WMPADOKIE 9 — v RSS2 5, (1)
KR -> TIROFEBIRES S ET.

(3) FHx(1), QLRI BIC_SULEDOFEHRN
REIATWES, ZOROWBEEELSHD
BELTEHBY 5.

3ETRKR L - HBNEIROE VI, HENERH
FICBRoN 5. HBRPIEEE &S THEE OB % 0
TAHIER, FhiR&->THERVDBOEWEIL T
BUOHT E0S AMOSRNLEEREEL Y L 2

May 1989 HIF AT DO BRI

BIFIA77A =3k

L=t TEBLEOVHIMT, EECEELBIETH 5.
Fig. 15 iR DRI X 2RER R OBl %2R 3. F&
# BP=PC ic¥#5A %, AQ=QD ic#8s E, AB=CD
R BABHETE 3 &5 SHBIEE, Fig.3(b) o
(1), 2) o> FIcRoNn s, £, F&
#t AQ=QD ic#tms A, BP=PC ic#m E, AB=CD
B BABATE 5 LS5 nEERIE, Fig.3(b) 0
(3) oG I TdH 5. BP=PC, AQ=QD oifj F
SHCEBIEBE2EHTE 3 & O LG Fig. 3(b)
DMA)EITHS. ba—YRTF427Z21iIck->TH
REFTHEVHBESEONE L bH D, BIKA%E
F &4 BP=PC i, %85C 42 F+ 73— 15 AQR=?
KHEALTESh 2R (RPOZEERLCEE -
TRBICEITHEBEDR A% new &3 3) BEH
ThHHH, ChiZESAMIETHROTHAS.

2ETERLABE2 B 3HEUELOE S,
BB A E2BMTRELTW AN S TH ST &IEHH
AT®3., ZLT, ThE2RRTZ2FEEL TEHD
BRI 2 L BBRUEIMEAREST S, HH
WERER D, IF MHAMBEIOPRIMER L 2 =
7 7 A ABECTAESIEBENITA B L VSR Yy —
BIROBEOBMIFTH 5.

RERIC, AFEFHEOME THN LI ASAERICE B
D3, FHIROEROLFH AT IHENKE I THSC
EEM - THBL., RA¥ORELHERETIHEHS &
SR SN MVWHES (B2, AEOEMMtED
HIECBL T AUXIL Ti3Z2 0¥ Fx2EHRL
7z equivalent MEEXHBEL TV 3) 2L ARS L
WHETRRT 3 & &, SEROMEICHFIT 5.

O E¥EY 317
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5. IERDFERLEDOLE

T, 752 FL—vavicEoL(¥E (FBL),
Explanation-based learning (EBL) (¥ 10 02 as
77D3d"\°l/"9 (3)(11)’ 5,"\' ‘/4’—‘/7“)‘7]:—X“L\(8)
AHET S, BEO=->0¥BER, —KILDHHE,
EVOWRICEBZ S 7y FDBUHKIZENRS
naH, VWEFNRGIEHKRID Y -5 5 bh S5 TFDOTN
ToY 7T - VigEE ik ds0vREFr v F T
+232&,ick->THB3 &7+ (target concept)
AEETIEVIFHETHE. IhoZ2LVWEKT
D EBL v 254 &3, EBL v 27 4tk » TH¥H
Sh 3 H# (EBL s & PE3s) 3, IF-THEN X
TEF M, IF oEFiZ THEN Ho target
concept 2iFBHT 51 HD+HEHTH 5.

ZhicHLT, 752 FL—va YICEDIKERRE
2, EROL LT IHBEERT HHOLDT
3. Li-d-7T, FBL M3,

IF X THEN Y
where Y :— A1-B1., Y : —A2-B2.,...,Y :—
An—Bn.
LWVOHEEE & B, IF i EEAERET 2EHR (0D
ZOMBABAT LIV ERTEH) THo, THEN
iEEOFEHEXTH S, FBLAHEZ, [XEOVHSE
FETITEHEE -2 EX1I0iE, A1 2REL (L3S
DHIL) &, £5FhiE, BitLIFHLLERY
HEhd] EVHIEKER-D.

FBL s EBL & #7543, FBLHI@E S Zh 2 0
SFEINEMICETIE/EREF-TWVWAHEI L, £LT
FBL v 257 6% 8425013, ABHOY -7 YR T
BHRCERININRYTHHETHS. Lich-
T, FBL v 25 s (382 KB LT HREEZER S
nhWgmoERdbEE L TEBTIEVH ENE
Bo. 9SS A¥OHMREIE I Z OEO/ED B
HlchrsrEZLONS.

% 7-, FBL #13%ic i3 EBL sidic s WA RO R &
2., #hit, FBLAZRIZAEZOMEBEOEROT T
75 R bL—a vOBHEICEKIL B S FEH
ot X4, IF & THEN o - 559 i3 EBL &3
DIBLLE->TRIFXN TR WY, FROBEK
BRI EZCZOBPRICEHIRRT ARESBLVLEL
S5ETHB. UL, SEEARBEARRIETELL,
HBH2VIEINBENREZLDOTRMUL, BTBEIHEEC
HERLZIERE->TEILSNIBOHHMTH S .
zp&EWKk7, FBL @2 v +#7 i case-based learn-

318 N I HfE °F 2 ik

ing P ozhicficws. £LT, FBL 3@%&0
HRF— s =20 HO—FlERELTVE LS
£45. AUXIL 3, ko #HEAAEMEORE%E
A= B, FEREEEOMNS B X CHMERR
FEHHR 7oL RICBF LM/ Yy — EBRONEE
WO BEEERED.

EBL #1332, #p@HEo L cdEEz0E LT
ZEEAABEBLC LS I ICRBLTOLY
W2 EAHEHd 5. EBL v 2 F 20EE 1 0B L
SEBL, FORTHE2EMSETEEVHIRR
A2WMELLS. MELOT—LVOAEFHEDO Y -4y
PELTESIEBL v2574&, SOAR® 0k H i
TRTCOY TT—%2y—4y bicESEBL v 27
LEEZ L. ¥, BIEVEET S EBL ®H&EI, B
Hlogy 77— VvEEE-RILLALBDINE-TH
» (Fig. 6 o d ‘EAC colinear’ &\ / — F D
HEZF ), x0LEEESERVEE2 ICEHT
pIiiRTELL. RIZ, BMELoBRYEEE FE
Tx3%EDEBL v 257 4ito0WTEXLSE. F0id
Fig. 6 0 (1)~(T) &¥ 7T -2 % -4y FiTl
TH¥ES 5. FlAE, (5) D target—concept i3,

IF : XY=YZ,XYZ 1@, WY=YV, WYV

1 E#, XW=ST

THEN : ZV=ST (X, Y,Z, W, V,S, T 3Z£¥)
Td 5. EBLEIEIE, 2hi2E0&5>RRTHESD
NEMICHET AEREE > TWELOT, [(1)~(T)
DENERE2 THEINED], [HiEE - REIEFOD
EHE5DHETHEINER], [EokH51M2=74
ey a vEITONED] BEOMBENRET S, #
Z13, (4) £ (5) © EBL #n# % (X/b, Y/p, Z/
¢, W/a, V/new, S/c, T/d} w5 KA L - TRIE
2o&MficHimxic®EThE, Fig.3(b) o (1) o
BOENEONEDTH B0, §XTOAFEHEOH N
SCOBAOHLRFELHT L EEFICHERMNE
{, LhblohFETRENEONIE LT HEEII
FORBEBAER LI EICHSKEY, T OREE R,
EBL ##» FBL sz o IF & GEEEZMET 55
H) KM T A EHAELTVWIE, TXRTOY T
T— A=y biZT B, BT HOEETHEVA
BEGERT B E, KERT 3.

LhL, MEL2BE2T-VEEIE-TVTH
FLLH>HEEENELTLHETHALDOT, AL
EEBLECEORVWAERLD GBRBREAOERED IR
SHBE2 OB ERRALYT W E TSNS, U
Fods7w, EBL v 2 7 4 3 #BIERREIED & 5 75 [H&E
KRAMETSH 5.
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MHAE ORI 2B cR CEIA A TX % &
WOMRKRE, M/ vy — vEBEROBEBR%OR S &
BTV, [target L1234 7 T — LD FALDLEF
A EAEZ 2| &S EBLERAIE, 752 b L—
va YORBICEE LA HEZL 5] LS FBL
DFAOBOAFEINZ2HBOEBREICEVEL
©. 81 26T 5. (5) o EBL HIg& 3, Fig. 6
DEBRHS (a) &I N ERIcHEEI N7 0
ARL—9THby, ED=Bnew & WHBEELRH,S =
BROAGRNC & » THHS N LT AR SBVEL D
g EE->. chicxw L, AUXIL 45 AB=DE &
WS F&Eh ¥4 5 FBL M#id, Fig. 6 o A8
49 (b) TH b (Fig. 12 O¥EEB), [FE & &, AB=
DE twH&HofEwE (DEicELI{ A2 AB &1
RELALFT 2L500%87T, ZEIL=BE2EKT
H)YICHBEDSH 5D TH - T, ED=Bnew iz L
THSNEZNIFEVELRREV] EVWHIEZIHERE
R, EEEB IR (5) L 0 bRHoMmERMEA DI
{, -THEAtIcENTWS, FBL GaEFHADG
DODEDHRAE2—>DHEEE L CHIHIT NELEZRET
FERUNRNEEABL TV LEERTE S,

B#%iC, ¥EORELLTDI7ISZA L —Y3 ¥yD
BACBELTHERT S, FBLTIE, 752 b L —
YaVAEERTHILICL-T, MERERDICAEBR%E
£H5EERET 5. FHERORIESFE CHEE
BEELREEL L OTEVHSFERHEIRDLL V. &
R EHE & Dz Lebowitz @ UNIMEM ® T &% A
5. UNIMEM <&, #H) 7 o+ X (explanation
process) ¥ EDOHBKICH - THIFTE A LS I
interest heuristics 28 A L TEH, hiz—EoF
BErRIEHOIETH 5. L L, UNIMEM T,
interest heuristics 2% RHEOBIKA 3| H 15 O FHIE 5>
EEXD TR LTVWE DML, AUXIL T
3, 792 b —va vEFBROBEB L UHHZO K X
IERETAIRELLCRHHELTEY, MEBREL 3.

6. 8 H Y [T

HEBREEC BV TELWHBEEER T 21201
i3, A2 OF » o TEEHEUEND D, BE
FORBEERICBEE SN 3 BYHEMEIT-> THIHT
AJREICIE B, COEEITAR, TOUSEEZR D
KEBRT 20 EI LI L TEL EEESFICTS>—F
DOEBHRIG 2R THB EAEE S (Anderson P
2, COBDF— I RHPHERPEMRERIADERE
HU—2>D0EBERTHZEERBLTVS).

May 1989

83

AMXTIE, HEAHBEEY LR SE2TRT 5
HE(75R M L—va VICEILERE) 2482181
fo. AR,

IF (FrEfiE#R) THEN GEREITA)
EVHEREE M@ TH S, LN, AEFEOR
BEEHT 5.

(1) #HEMEELRR, FEE7vexcRELALFE
FThbh, INIFEFOIKICIY, HicZ 0
AW G BEMIC B 75RA ML —Y 3 VOBA
@, FHEHAEEFETI0CMBERARTHS.

(2) FEITAIT, K vy — v 2REDIch b T
(BAVWERRTR) 12dDw s utL—9Th5.

(3) HMI¥MFERIE, NELHKT 2 EXRTOEHR
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