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Abstract. Conventional work on scientific discovery such as BACON
derives empirical law equations from experimental data. In recent years,
SDS introducing mathematical admissibility constraints has been pro-
posed to discover first principle based law equations, and it has been
further extended to discover law equations from passively observed data.
Furthermore, SSF has been proposed to discover the structure of a si-
multaneous equation model representing an objective process through
experiments. In this report, the progress of these studies on the discov-
ery of first principle based scientific law equations is summarized, and
the future directions of this research are presented.

1 Introduction

Langley and others’” BACON [1] is the most well known pioneering work to
discover a complete equation representing scientific laws governing an objective
process under experimental observations. FAHRENHEIT [2], ABACUS [3], etc.
are the successors of BACON that use basically similar algorithms. However, a
drawback of the BACON family, that is their low likelihood of the discovered
equations being the first principle underlying the objective process, is reported.
To alleviate the drawback, some systems, e.g., ABACUS and COPER [4], utilize
the information of the unit dimensions of quantities to prune the meaningless
terms. However, many of these conventional scientific equation discovery systems
have some critical limitations for the real world applications. Fisrt, the informa-
tion of the unit dimension of each quantity in the data is needed to discover the
first principle based equation. Second, the data must be acquired under “active
observations” where the values of some quantities representing the objective pro-
cess are observed for various process states by controlling the values of the other
relevant quantities. Third, a complex equation model, especially a “simultaneous
equation model’, to represent the process consisting of multiple mechanisms is
hardly discovered due to the complexity of the search space.

To alleviate the first limitation, a law equation discovery system named SDS
based on the mathematical constraints of “scale-type” and “identity” is proposed
for the active observations [5]. Since the knowledge of scale-types of quantities is
widely obtained in various domains, SDS is applicable to non-physics domains.
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The equations discovered by SDS are highly likely to represent the first princi-
ple underlying the objective process. To address the second limitation, SDS has
been further extended by introducing a novel principle named “quasi-bi-variate
fitting” [6] to make it applicable to the “passive observations” where the quan-
tities of the objective process can only be partially or even hardly controlled.
Moreover, to overcome the third limitation, a simultaneous structure finding
system named SSF has been proposed to discover a valid simultaneous equation
structure under the active observations [7]. SSF identifies the number of equa-
tions needed to represent the objective process, and further identifies the sets of
quantities to appear in each of the respective equations of the model while elim-
inating quantities irrelevant to the equations. The combination of SDS and SSF
enables the discovery of the first principle based simultaneous equation model
for the objective process under active observations. In this report, the principles
and the performances of these recent scientific discovery systems are outlined,
and the future directions of this research topic are discussed.

2 Required Conditions

Prior to the explanation of each scientific law equation discovery system, the con-
ditions required for the application of the system are summarized. The approach
of the SDS requires the following conditions.

(1) All of the quantities except one dependent quantity can be controlled to
their arbitrary values in the ranges of the quantities of our interest.

(2) The objective system can be represented by a complete equation in the value
range.

(3) The scale-types of all quantities needed to represent the objective system
are known.

The first condition is to ensure the application of the SDS to experimental en-
vironment in scientific laboratories. This condition is the requirement of the
original BACON systems, and is also required by other BACON family. The
second condition is also a common requirement in BACON family to search for
a complete equation for every continuous region in the objective system. The
third condition comes from the fact that the SDS uses the the information of
the scale-types of the quantities to search mathematically admissible equation
formulae to relate the quantities. As the scale-types of the measurement quanti-
ties are widely known based on the measurement theory [5], this condition does
not restrict the applicability of the SDS.

The extended SDS discovers the law equations from the passively observed
data, and thus the aforementioned condition (1) is not required. Instead, it needs
the following condition in addition to the conditions (2) and (3).

(4) The observed data are uniformly distributed over the possible states of the
objective system.
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Violation of the requirement of the uniform distribution over a certain value
range of a quantity implies the low observability of the quantity [6],[8]. Any
approaches such as the linear system identification and the neural network do
not derive valid models under low observability. This limitation is generic, and
further discussion on this issue is out of scope of this report.

The condition required by the SSF for the derivation of the simultaneous law
equation models is as follows.

(5) The simultaneous equation model under consideration is not over-constrained
where the number of the equations is no more than the number of quantities
in the model.

This condition always holds for the models in scientific and engineering domains,
since the over-constrained state does not exist in any real world process.

3 Smart Discovery System (SDS)

The information required from the user besides the actual measurements in SDS
is a list of the quantities and their scale-types. The rigorous definition of scale-
type was given by Stevens[9]. The quantitative scale-types are interval scale,
ratio scale and absolute scale, and these are the majorities of the quantities.
Examples of the interval scale quantities are temperature in Celsius and sound
tone where the origins of their scales are not absolute, and are changeable by
human’s definitions. Its admissible unit conversion follows “Generic linear group:
7' = kx + ¢”. Examples of the ratio scale quantities are physical mass and
absolute temperature where each has an absolute zero point. Its admissible unit
conversion follows “Similarity group: 2’ = kz”. Examples of the absolute scale
quantities are dimensionless quantities. It follows “Identity group: ' = x”.

The first step of the algorithm of SDS searches bi-variate relations among the
quantities by using the “scale-type constraint.” Two well-known theorems which
are deduced from the group structures of the scale-types provides the basis of
this step [5].

Theorem 1 (Extended Buckingham II-theorem) If ¢(z1,xa, z3

....) = 0 is @ complete equation where each x; € Q, the set of quantities given
in the experiment, and if each argument is one of interval, ratio and absolute
scale-types, then the solution can be written in the form

F(H17 H27 sy ]In,—w) = 0,

where n is the number of arquments of ¢, w is the basic number of bases in
T1, Lo, T3...., respectively. For all ¢, II; 1s an absolute scale-type quantity.

A base is such a basic scaling factor which has a degree of freedom independent
of the other bases in the given ¢. For instance, length [L], mass [M] and time
[T] of physical dimension and the origin of the temperature in Celsius are the
examples of the bases. The relation of each II; to the arguments of ¢ is given by
the following theorem [5].



4 Takashi Washio and Hiroshi Motoda

Theorem 2 (Extended Product Theorem) Let primary quantities in a set
RQ are ratio scale-type and those in another set IQ interval scale-type, the
function p relating a secondary quantity Il to x; € RQ U IQ has the forms:

=[] led ) T2 brilel +en)™)

z;ER ILCI wiely
I = Z ailog|zi| + E ay, log( E bijlz;| + cx) + Z bye|ze| + cg
ri€R I,CI zj €l we€lyCI

where all coefficients except II are constants and I, N1, = ¢.

These theorems state that any meaningful complete equation consisting of the
arguments of interval, ratio and absolute scale-types can be decomposed into an
equation of absolute scale-type quantities having an arbitrary form and some
equations of interval and ratio scale-type quantities in products and logarithmic
form. The former F(IIy, Il5, ..., II,,_,,) = 0is called an “ensemble” and the latter
II = p(x1, 22, 23....)8 “regime’s.

If any pair of interval and/or ratio scale quantities {z,y} in a given complete
equation is to belong to an identical regime, they has to have a relation that
follows the Theorem 2. Conversely, SDS searches bi-variate relations in the set of
quantities Q where the relations have the following product, linear or logarithmic
forms which are deduced from the Theorem 2.

z%y = b, where z,y are ratio scale, (1)
axr +y =0b, where x,y are interval scale, and (2)
alogx+y=">b orcx”+y=0"0,

where z is ratio scale, and ¥ interval scale. (3)

The value of the constant a in each formula must be independent of any other
quantities according to Extended Product Theorem, while the constants b and ¢
are dependent on the other quantities in the regime. SDS applies the least square
fitting of these relations to the bi-variate experimental data of x and y that are
measured while holding the other quantities constant in @, and determines the
values of coefficients in the bi-variate relations. Subsequently, the judgment is
made whether this equation fits the data well enough by some statistical tests.

This procedure is now demonstrated by an example of a complex system
depicted in Figure 1. This is a circuit of photo-meter to measure the rate of
increase of photo intensity within a certain time period. The resistance and
switch parallel to the capacitor and the current meter are to reset the operation
of this circuit. The actual model of this system is represented by the following
complex equation involving 18 quantities.

Rshye, Rohse, rL? Q Khi, X
)(Vl—Vz)———i' =
RShfez + hiez R2hf61 + hiq rL? + Ry C l?h,f(33

0. (4)

Here, L and r are photo intensity and sensitivity of the Csd device. X, K and B
are position of indicator, spring constant and intensity of magunetic field of the
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Fig.1. A circuit of photo-meter

current meter respectively. h;e, 1s input impedance of the base of the i-th tran-
sistor. hy., is gain ratio of the currents at the base and the collector of the i-th
transistor. The definitions of the other quantities follow the standard symbolic
representations of electric circuit. hy. s are absolute scale, V1 and V5 interval
scale, and the rest ratio scale. X is the dependent quantity in this circuit, and the
others are independently controllable by the change of boundary conditions and
the replacement of devices. SDS requests the bi-variate change of quantities to
the experimental environment. When a quantity is dependent (not controllable)
during the search process, SDS modifies its request to control the other indepen-
dent quantity. A simulation based experimental environment was designed and
build for the circuit system. 4% (std.) of relative Gaussian noise was added to
both of the control quantity (input) and the measured quantity (output) in every
bi-variate test. First, SDS set the set of interval scale quantities IQ as {Vi, Vs },
ratio scale quantities RQ as {L.7, Ry, Ro, R, hic,, hicys Nies, @, C, X, K, B} and
absolute scale quantities AQ as {hyge,,fe,, hse,} based on the input informa-
tion on scale-types. Next, it performed the bi-variate fitting of a linear form
Eq. (2) to the experimental data among the quantities in 7Q, and applied the
statistical tests. Then, SDS figured out a set consisting of a bi-variate equation
IE = {6y = 1.000V; — 1.000V;} quickly. Subsequently, a product form Eq. (1)
among the quantities in RQ U {0y} is searched, and applied the statistical tests.

The resultant set of the bi-variate equations RE that passed the tests was
as follows.

RE = {LI.QQQT _ b17L71.999R1 — 627,’,71.000R1 — bB’Rz—l.()l)(Jhiel — b4,
—1.000 —1.000 1.000 1.000
RyT% %, = by, Q720 = g, AL X = by, hEOOK = by,

h;i.OOOB — b97X1.000K — b107X70.999B — b117 K*l.OOOB — b12}

The bi-variate fitting of Eq. (3) for the other pairs across IQ and RQ have also
been conducted. But no equations have passed the statistical tests.

In the next step, triplet consistency tests are applied to every triplet of equa-
tions in TE U RE. In case of a triplet of the power form equations, z%vy =
boy, y*7* 2z = by,, x%*2 = by,, by substituting y in the first to y in the second,
we obtain x~%v=l%evy = bw_ayz b,.. Thus, the following condition must be met.

Uz = —QyzOgy.
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However, if any of the three equations are not correct due to the noise and error
of data fitting, this relation may not hold. Thus, a statistical test judges if the
three of the equations are mutually consistent in terms of as. For the triplet of the
linear form equations, a similar test is applied based on the identical principle.
SDS applies this test to every triplet of equations in I E U RFE, and search every
maximal convex set M CS where each triplet of equations among the quantities
in this set are mutually consistent. The value of each a is evaluated by its average
@ over the equations in the MCS. When the value of @ is close enough to its
nearest integer within its statistical error bound, it is set to the integer value.
This operation is based on the observation that the majority of the first principle
based equations have integer power coefficients. Finally, the merged quantities
are replaced by the term of each equation of the derived regime in 1Q U RQ.
In the example in Figure 1, the final forms of regimes were represented by the
merged terms in IQ U RQ as follows.

IQURQ = {II, = Ryr 'L %, I, = h;e, Ry*, IT3 = hye,
R;15H4 = hieaXKB_laHS = QC_laQO =Vi - %}

Once all regimes are identified, new terms are further generated by merging
these regimes in QU RQ U AQ. SDS searches bi-variate relations having one of
the formulae z%y = b (product form) and az+y = b (linear form) by adopting the
least square fitting of these formulae. Then, the statistical tests of the goodness
of the fitting are applied. In the example of the circuit, the product form was
applied first. They were merged to the following new terms.

@1 = thfel = Rl’l'_l'“L_Z'“}Lfe”
= th;er = hie1 Rzii.zhfew
05 = H3h’f63 = hiezRg : hfeg-

Next, the linear form was tested, then a form was found.
Oy =1, + Iy = h;y, XKB 1 + QC~ 1

Thus, IQ U RQ U AQ became as {@g, O1,05, 03,0, }. Again, by applying the
linear form, another was newly generated.

(_;)5 — @0(_’,);1.0 — (‘/1 _ %)(h,iCSXKB71.0 4 (2071.0)71.0

Thus, IQ U RQ U AQ = {01,0,,03,605}. As no new terms became available,
this step was finished.

In the final step, the “identity constraint” are applied to further merge terms.
The basic principle of the identity constraints comes by answering the question
that “what is the relation among O, ©; and O;, if O; = fo,(O) and O; =
fe,(0h) are known?” For example, if (0;)0,+6; = b(0,) and a(0;)0,+06,; =

b(6;) are given, the following relation is deduced.

O+ 100, + $10; + 420, + 32 =0
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This principle is generalized to various relations among multiple terms. In the
example of the circuit, SDS found a set of the bi-variate linear relations on
the combinations of {61, 05}, {02, 05} and {@;, Os}. By applying the identity
counstraint, the following multi-linear formula has been obtained.

010,05 + 0105 + @205 + 0103+ O + Oy + O3 + O5 +1 =0

Because every coefficient is independent of any terms, this is considered to be
the ensemble equation. The equivalence of this result to Eq. (4) is easily checked
by substituting the intermediate terms to this ensemble equation.

4 Extended SDS

As noted in the previous section, the bi-variate fitting requires experimental
control of some quantities, and is not applicable to the passive observation
environments. To overcome this difficulty, the “quasi-bi-variate fitting” proce-
dure depicted in Figure 4 is used to extract a bi-variate relation between two
quantities under the approximated constant values of the other quantities. Let
OBS = {X1,X5,..., X, } be aset of observations where each X is a m-dimesional
vector of m quantities. The fitting of a candidate bi-variate formula for a pair of
two quantities P;j = {z;,z;}(C X) is applied to a subset of OBS. This subset
OBS,;, is chosen in such a way that every quantity z;, € (X — P;;) takes a value
in the vicinity of the value of z,, where X, = {;171973;297 ey mmg} € OBS is an
arbitrary chosen observation vector. The vicinity of 214 is defined as

Az, = |z, — x| < €.

€, determines the size of the vicinity. This vicinity is indicated by a rectangular
cube in the left figure of Fig. 4. Every admissible bi-variate formula is generally
represented in the form

Fij(Pij, ai5, Gij(X — Pyj), Hij (X — Pij)) = 0. (5)

Here, G;; and H;; are dependent on the quantities in X — P;;, while a;; remains
constant. Given an OBS;;,, if each €, is moderately small, the values of G;; and
H;; become almost constant. The least square fitting of Eq.(5) approximately
provides the functional relation within P;; and the coefficient a;; as depicted
in the bottom figure of Fig. 4 while almost excluding the influence of the other
dimensions X — F;;. The goodness of the fitting is judged by some statistical
tests. For the bi-variate relations of the identity constraints, the similar scheme
of the quasi-bi-variate fitting is applied.

The proposed method has been applied to a real world problem. The objec-
tive of the application is to discover a generic law formula governing the mental
preference of people on their houses subject to the cost to buy the house and
the social risk at the place of the house. We designed a questionnaire sheet to
ask the preference of the house in the trade off between the frequency of huge
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Fij(Py.2y,Gy(X-Pyy) Hy(X-Py))=0
Q

Fig. 2. Outline of quasi-bi-variate fitting

earthquakes, z; (earthquake/year), and the cost to buy, x5 ($). These are ra-
tio scale quantities. In the questionnaire, 9 combinations of the cost and the
earthquake frequency are presented, and each person chooses its preference from
the 7 levels for each combination. We distributed this questionnaire sheet to
the people owning their houses in the suburb area of Tokyo, and totally 400
answer sheets are collected back. The answer data has been processed by fol-
lowing the method of successive categories which is widely used in the exper-
imental psychology to compose an interval scale preference index y [10], and
OBS = {X1,X5,..., X400} where X; = [#1;,%2;,¥;] is obtained. The expected
basic structure of the law equation governing the data is y = f(z1,%2). The
quasi-bi-variate fitting between z; and zs was applied, and z; = a(g/)m;“'%
have been obtained. Next, the formulae between z; and y have been identified
as either one of y = a,(m2)$f0'23 + b(z2) and y = 0.62logxzy + b(zr3). Simi-
lar search has been made for x5 and y, and, likewise, two candidate equations
y = a(z1)x9°% + b(z,) and y = 0.34logzy + b(x;) have been derived. Subse-
quently, the triplet-test among {z1,za,y} is conducted, and only the following
two candidates have passed the test.

y = 0.63logz; +0.34log x5 — 2.9 (6)
y = —0.6127 2325920 £ 3.2 (8)

Though both equations are admissible as law equations based on the mathe-
matical constraints and the given data, Eq. (6) is preferred as a law equation in
terms of the principle of parsimony, because it gives less error for the question-
naire data, and has less number of parameters.

5 Simultaneous Structure Finder (SSF)

The principle to discover the simultaneous equation structure from experimental
data is based on some fundamental and generic characteristics of simultaneous
equation models presented in the past work [7]. The principle is briefly explained
though an example electric circuit depicted in Fig. 3. This can be represented
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Ve

Fig. 3. An circuit of parallel resistances.
by the following simultaneous equation model.
Vi= LR #1. Vo= LR, #2. Vo= Vi #3and V, = Vy #4,  (9)

where Ry, R»: two resistances, Vi, Va: voltage differences across resistances, I, I5:
electric current going through resistances and V,: voltage of a battery. We con-
sider an experiment to externally control some values of the quantities in this
model. For example, the quantities R; and V, can be externally controlled by
the specification of the resistance and the battery. If we specify these values in
Eq.(9), the values of the other quantities, V1, V2 and I, that are involved in the
first, the third and the forth equations, #1, #3 and #4, are determined since
the number of the quantities which are not externally specified is equal to the
number of the equations. But, this external control does not determine the val-
ues of Ry and I, through the equation #2. Thus, the equation set {#1, #3, #4}
is considered to represent a mechanism which determines the state of a part of
the objective process. We introduce the following definition to characterize this
mechanism in the simultaneous equation model.

Definition 1 (complete subset) Given a set of equations, E, let the set of all
quantities be Q appearing in the equations in E. Given a quantity set SQ(C Q)
for external specification, when the values of all quantities in NQ = CQ — SQ
are determined where CQ (SQ C CQ C Q) is a set of all quantities appearing in
a set of equations CE(C E), CE is called a “complete subset”. The cardinality
|CE| =|NQ| is called the “order” of the complete subset.

The equation set {#1,#3, #4} is a complete subset of the order 3. Under any
external control of two quantities among Ry, Ve, Vi, Vo and Iy, {#1, #3, #4} al-
ways determines the values of the remained three quantities. Thus, the complete
subset is “invariant” for the selection of the externally controlled quantities.

The complete subset gives an important foundation to discover the structure
of the simultaneous equation model, which appropriately reflects the dependency,
embedded in the observation of quantities. For example, the circuit in Fig. 3 can
be represented by the following different simultaneous equation formulae

LR =LRy#1. Vo= LRy #2, V,=Vi #3 and V, = V3 #4.  (10)

If the same specification on V., and Ry is made in Eq.(10), a different complete
subset {#3, #4} is obtained, and any complete subset to determine the value of
I; does not exist since the equation #1’ cannot determine the value of I; without
the constraint of #2. #1’ and #2 that include the undetermined quantities Iy
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and Ry do not satisfy Definition 1. In the real experiment on the electric circuit,
the value of I; is physically determined, and this fact contradicts the consequence
derived by the analysis on Eq.(10). In contrast, the model of Eq.(9) always gives
correct answers on the determination of quantities for any external specifications
of quantities. The model having the complete subsets, which are isomorphic with
the actual dependency among quantities, is named a “structural form”.
Conversely, if we identify all complete subsets from the experimental observa-
tion of quantities in the objective process, and compose a simultaneous equation
model consisting of these complete subsets, the model is ensured to be the struc-
tural form. The following theorem provides a basis for the composition [7].

Theorem 3 (modular lattice theorem) Given a model of an objective pro-
cess consisting of equations E, the set of all complete subsets of the model, i.e.,
L = {VCE; C E}, forms a modular lattice of the sets for the order of the
complete subsets, i.e., VCE;,CE; € L, CE; UCE; € L, CE;NCE; € L and
n(CE; UCE;) = n(CE;) + n(CE;) — n(CE; 0 CE;) where n is the order of a
given complete subset.

For instance, the following four complete subsets having the modular lattice
structure can be found in the example of Eq.(9).

(43, #4}(n = 2), {#1,#3, #4}(n = 3),
{42, #3, #4) (n = 3), {#1.#2.43, #4}(n = 4).

Because the complete subsets of an objective process mutually overlap in the
modular lattice, the redundant overlaps must be removed in the model compo-
sition by introducing the following definition of independent component.

Definition 2 (independent component of a complete subset) The inde-
pendent component DE; of the complete subset CE; is defined as
DE; = CE; — U CE,,
YCE;CCE;and CEEL

where L is the set of all complete subsets of the model. The order én; of DE;
is defined as én; = |DE;|.

For instance, the following independent components can be found for Eq.(9).

DE: = {#3, 44} — ¢ = {#3, #4}, m =2 -0 =2,
DE, = {#1,#3, #4} - {#37#4} = {#1}' ong =3—-2= 1,
DEs = {#2,#3,#4} — {#3,#4} = {#2}, ons =3-2=1

Because the independent components do not overlap, their collection represents
the structure of the simultaneous equation model.

However, the issue on the ambiguity of the representation of the structural
form still remains. For example, the set of equations {V; = L Ri#1,V, =
Vi#3,V, = Va#4} in Eq.(9) which is a complete subset of order 3 can be trans-
formed by the linear transformation as follows.
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2Ve+ Vi + Vo =4l Ry #1, 2V, =2V = Vo + 1 Ry #3,
and 3V, = — Vi + 2V, + 211 Ry #4.

This transformation preserves the complete subset, and the model remains as a
structural form. This ambiguity of the equation representation in a complete sub-
set can cause combinatorial explosion in the enumeration of the structural forms.
As indicated in the above example, if the set of all quantities, CQ, appearing
in a complete subset C'F is preserved through some transformation maintaining
quantitative equivalence, the complete subset is also preserved [7]. Accordingly,
only the following formula of a complete subset is focused in the search.

Definition 3 (canonical form of a complete subset) Given a complete
subset CE, the “canonical form” of CE is the form where all quantities in CQ
appears in each equation in CE.

An example of the canonical form is Eq.(11). Based on this definition, the struc-
tural canonical form of a simultaneous equation model is further defined.

Definition 4 (structural canonical form of simultaneous equations) The
“canonical form” of simultaneous equations consists of the equations in Ué’leEi
where each equation in DE; is represented by the canonical form in the complete
subset CE;, and b is the total number of DE;. If the canonical form of simul-
taneous equations is derived to be a “structural form?”, then the form is named
“structural canonical form?”.

The structural form of Eq.(9) is shown as follows.

DEl = {fll(Vea‘/la‘/Z) =0 #37 f12(‘/67‘/1ﬂ‘/2) =0 #4}!
DE; = {f2(Ve,V1, V2,11, B1) = 0 #1}, DE3s = {f5(Ve, V1, Vo, I2, R2) = 0 #2}(11)

where f(e) = 0 is an arbitrary formula to represent a quantitative relation.

Because Eq.(9) is a structural form, Eq.(11) is the structural canonical form.
The concrete shape of each formula can be derived by the aforementioned SDS,
once the structure of simultaneous equations is given.

6 Discussion and Conclusion

Dzeroski and Todorovski developed LAGRANGE [11] and LAGRAMGE [12]
which discover simultaneous equation models from observed data. However, the
mathematical admissibility is not introduced sufficiently in the discovery process,
and many redundant representations of simultaneous equations can be derived
at an expense of high computational complexity. COPER, which also discov-
ers simultaneous equations, uses very strong mathematical constraints based on
the unit dimensions to prune the meaningless terms [4]. However, it inevitably
requires the unit information which is not frequently obtained in non-physical
domains. The major advantages of our proposing methods in comparison with
the past approaches are the efficiency of the equation search, the soundness of
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the discovery in terms of the first principle and the wide applicability not limited
to the physical domain. These are achieved by introducing the criteria of generic
mathematical admissibility.

The future directions of our work are

(1) Discovery of simultaneous equations from passively observed data and
(2) Discovery of dynamic law equations from passively observed time series data.

For the former purpose, the principle of SSF should be extended to discover
the structure of simultaneous equations from passively observed data. This may
become possible by developing a new data sampling technique similar to the
quasi-bi-variate fitting of the extended SDS. The latter approach is expected to
discover the first principle based differential equations which appear in various
scientific and engineering domains. The major issue to overcome will be the
statistical information processing on the noise contained in the time series data
which are widely seen in many problems. These scientific law equation discovery
methods will provide a new measure of system modeling based on data in wide
scientific and engineering domains.

References

[1] Langley, P. W., Simon, H. A., Bradshaw, G. L. and Zytkow, J. M.: Scientific Discov-
ery; Computational Explorations of the Creative Process, MIT Press, Cambridge,
Massachusetts (1987)

[2] Koehn, B. and Zytkow, J. M.: Experimenting and theorizing in theory formation.
In Proceedings of the International Symposium on Methodologies for Intelligent
Systems, ACM SIGART Press (1986) 296-307

[3] Falkenhainer, Br. C. and Michalski, R. S.: Integrating Quantitative and Qualitative
Discovery: The ABACUS System. In Machine Learning, Boston, Kluwer Academic
Publishers (1986) 367-401

[4] Kokar, M. M.: Determining Arguments of Invariant Functional Descriptions. In
Machine Learning, Boston, Kluwer Academic Publishers (1986) 403422

[5] Washio, T. and Motoda, H.: Discovering Admissible Models of Complex Systems
Based on Scale-Types and Identity Constraints, In Proceedings of IJCAI’97, Vol.2,
Nagoya (1997) 810-817

[6] Washio, T., Motoda, H. and Niwa, Y.: Discovering admissible model equations
from observed data based on scale-types and identity constraints. In Proceedings
of ITCAI’99, Vol.2 (1999) T72-779

[7] Washio T. and Motoda, H.: Discovering Admissible Simultancous Equations of
Large Scale Systems, In Proceedings of AAAI’98, Madison (1998) 189 196

[8] Ljung, L.: System Identification, P T R Prentice-Hall (1987)

[9] Stevens S.S.: On the Theory of Scales of Measurement, In Science (1946) 677 680

[10] Torgerson, W. S.: In Theory and Methods of Scaling, N.Y.: J. Wiley (1958)

[11] Dzeroski, S. and Todorovski, L.: Discovering Dynamics: From Inductive Logic
Programming to Machine Discovery. In Jouwrnal of Intelligent Information Systems,
Boston, Kluwer Academic Publishers (1994) 1 20

[12] Todorovski, L. and Dzeroski, S.: Declarative Bias in Equation Discovery, In Pro-
ceeding of the fourteenth International Conference on Machine Learning, San Ma-
teo, CA, Morgan Kaufmann (1997) 376 384



